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We study nonlinear modes in one-dimensional arrays of doped graphene nanodisks with Kerr-type
nonlinear response in the presence of an external electric field. We present the theoretical model
describing the evolution of the disks’ polarizations, taking into account intrinsic graphene losses and
dipole-dipole coupling between the graphene nanodisks. We reveal that this nonlinear system can
support discrete dissipative scalar solitons of both longitudinal and transverse polarizations, as well
as vector solitons composed of two mutually coupled polarization components. We demonstrate the
formation of stable resting and moving localized modes under controlling guidance of the external
driving field.
PACS numbers: 78.67.Wj, 42.65.Tg, 42.79.Gn
I. INTRODUCTION
The study of plasmonic effects in graphene structures
has attracted a special interest from the nanoplasmon-
ics research community due to novel functionalities de-
livered by such systems, including a strong confinement
by a graphene layer and tunability of graphene properties
through doping or electrostatic gating1–8. Recent experi-
ments provided the evidence for the existence of graphene
plasmons revealed by means of the scattering near-field
microscopy and the nanoimaging methods9,10. Being
guided by a graphene monolayer, p-polarized plasmons
are extremely short-wavelength, and their excitation is
rather challenging. In order to decrease the plasmon
wavenumbers, multilayer graphene structures can be em-
ployed11,12. Alternatively, to realize coupling of graphene
plasmons with light, the in-plane momentum matching
can be attained in the graphene structures with a bro-
ken translational invariance, such as graphene patterned
periodically in arrays of nanoribbons13–16 or disks17–19.
Being regarded as direct analogs to metal nanoparticles,
finite-extent nanoflakes are created by nanostructuring
of graphene in the form of disks, rings, and triangles,
and they can sustain localized surface plasmons. Impor-
tantly, a tight confinement of graphene plasmons results
in the field enhancement indispensable for the observa-
tion of strong nonlinear effects. In this respect, nonlinear
response of graphene structures and plasmonic phenom-
ena with graphene still remain largely unexplored.
In this paper, we study nonlinear effects in periodic
arrays of single-layer graphene nanodisks excited by an
external field. We assume that the nanodisks possess
a nonlinear response due to the graphene nonlinearity,
and demonstrate that this system can support differ-
ent classes of localized modes comprising several cou-
pled nanodisks characterized by the local field enhance-
ment, the so-called discrete dissipative plasmon solitons,
as shown schematically in Fig. 1. We derive the non-
linear equations describing the evolution of the disks’
polarization components, taking into account graphene
nonlinear response, intrinsic graphene losses, and a full
dipole-dipole coupling between the graphene nanodisks.
We reveal that this nonlinear system can support both
scalar and vector discrete dissipative solitons and, de-
pending on the inclination of the incident wave, these
nonlinear modes can move gradually along the chain. We
believe that our results may be useful for initiating the
experimental studies of nonlinear effects in the photonic
systems with nanostructured graphene.
II. MODEL
We consider an one-dimensional chain of identical
graphene circular nanodisks driven by an external plane
wave, as shown in Fig. 1. We assume that the radius
of a single disk, a, varies from 15 nm to 100 nm, the
array period d satisfies the condition d ≥ 3a, and the
wavelength of the driving field is much larger than a
single disk, so that we can neglect boundary, nonlocal,
and quantum finite-size effects6,20, and treat disks as
point dipoles2,17,19,21. We also employ the linear surface
conductivity as that of a homogeneous graphene sheet,
which, at the relatively low photon energies, ~ω ≤ EF ,
can be written in terms of the Drude model as fol-
lows22–24,
σL(ω) = − ie
2
pi~2
EF(
ω − iτ−1intra
) , (1)
where e is the elementary charge, EF = ~VF
√
pin is the
Fermi energy, n is the doping electron density, VF ≈
c/300 is the Fermi velocity, and τintra is a relaxation
time (we assume exp(iωt) time dependence). Hereinafter,
for doped graphene we account for intraband transitions
only and disregard both interband transitions and tem-
perature effects, implying kBT ≪ EF , where kB is the
2Figure 1. (Color online) Schematic view of a discrete plas-
mon soliton excited by an external plane wave in a chain of
graphene nanodisks. Red and white colors depict high and
low values of the local electric field.
Boltzmann constant and T is the absolute temperature.
Under accepted approximations, the linear response of
graphene nanodisks can be characterized via the disk po-
larizability, written as follows19,
αL(ω) = D3A
(
L
εh
+
iωD
σL(ω)
)−1
, (2)
where A = 0.65, L = 12.5, D = 2a, εh = (ε1 + ε2)/2, ε1
and ε2 are the dielectric permittivities of the substrate
and superstrate located below and upper a graphene nan-
odisk. Being size- and material-independent, the coef-
ficients A and L are extracted from numerical simula-
tions of Maxwell’s equations by the boundary element
method17,28,29, where graphene is modeled as a thin layer
of the thickness h = 0.5 nm being described by volume
dielectric permittivity,
εLgr(ω) = 1−
i4piσL(ω)
ωh
. (3)
Equation (2) results in the following expression for the
eigenfrequency of the dipole plasmon2,19
~ω0 ≈ e
(
2L
ε1 + ε2
EF
piD
)1/2
. (4)
We notice that ω0 can be tuned by doping (EF -shift) or
shape-cut, which may assist matching waves of different
polarizations in circuits based on patterned graphene.
Within the dipole approximation, the local electric
field in disks is supposed to be homogeneous. To identify
it, we model disks as spheroids of the permittivity (3).
By comparison of Eq. (2) and the polarizability of an
oblate spheroid30, one can conclude that the ratio be-
tween semi-minor axis c¯ of an equivalent ellipsoid and
the thickness h should be about c¯/h ≈ 0.627. To account
for the influence of graphene nonlinearity on the disks’
polarizations, we define the nonlinear dielectric permit-
tivity as εNLgr (ω) = ε
L
gr(ω)+χ
(3)
gr (ω)|Einn |2, where Einn is the
local field in n-th disk, and cubic volume susceptibility,
χ(3)gr (ω) = −i
4piσNL(ω)
ωh
, (5)
is expressed through the nonlinear self-action correction
to the graphene conductivity, in the local quasi-classical
approximation given by22,25–27
σNL(ω) = i
9
8
e4
pi~2
(
V 2F
EFω3
)
. (6)
Next, we study the chain of graphene nanodisks driven
by an optical field with the frequency close to he fre-
quency ω0, and analyze the dynamical response of the
disks’ polarizations, p
⊥,||
n . By employing the dispersion
relation method31–34, we derive the following system of
coupled nonlinear equations for the slowly varying am-
plitudes of the disk dipole moments,
−idP
⊥
n
dτ
+
(−iγ +Ω+ |Pn|2)P⊥n + ∑
m 6=n
G⊥n,mP
⊥
m = E
⊥
n ,
−idP
‖
n
dτ
+
(−iγ +Ω + |Pn|2)P ‖n +
∑
m 6=n
G‖n,mP
‖
m = E
‖
n,
(7)
where
G⊥n,m =
η
2
(
(k0d)
2 − ik0d|n−m| −
1
|n−m|2
)
e−ik0d|n−m|
|n−m| ,
G‖n,m = η
(
ik0d
|n−m| +
1
|n−m|2
)
e−ik0d|n−m|
|n−m| ,
while
P⊥,‖n = p
⊥,‖
n
3
√
χ
(3)
gr (ω0)nx√
2 (1− εh + εh/nx)εha2c¯
,
and
E⊥,‖n = −
εh
√
χ
(3)
gr (ω0)E
(ex)⊥,‖
n
nx
√
8 (1− εh + εh/nx)3
are the normalized slowly varying envelopes of the disk
dipole moments and the external field, indexes ’⊥’ and ’||’
stand for transversal and longitudinal components with
respect to the chain axis, |Pn|2 = |P⊥n |2 + |P ‖n|2, τ =
ω0t, Ω = (ω − ω0)/ω0, k0 = ω0√εh/c, c is the speed
of light, nx = pic¯/4a is the depolarization factor of the
ellipsoid,
γ =
ν
2ω0
+
εh
1− εh + εh/nx
(
k30a
2c¯
9nx2
)
3describes both thermal and radiation energy losses,
η =
εh
1− εh + εh/nx
(
a2c¯
3nx2d3
)
.
Importantly, this model involves all disk interactions
through the full dipole fields, and it can be applied to
both finite and infinite chains. It should be noted that
the disk polarizability across the flake plane is supposed
to be zero owing to atomic-scale thickness of graphene.
It was shown that a similar model descrbing arrays
of metal nanoparticles exhibits interesting nonlinear dy-
namics for one- and two-dimensional arrays, including
the generation of kinks, oscillons, and dissipative soli-
tons31–34. Here, we focus on one-dimensional bright lo-
calized soliton solutions similar of those are known for
various discrete dissipative systems35–37.
III. SOLITON FAMILIES
By varying the pump configuration, we can decouple
the nonlinear equations (7) and analyze scalar solitons in
each of the polarization components separately. However,
in a general case, the polarization components remain
coupled, and we should study the case of two-component,
or vector solitons.
In our calculations throughout this paper, we employ
the following set of parameters: a = 30 nm, εh = 2.1,
EF = 0.6 eV, τintra = 0.127 ps, d = 3.8a, and ~ω0 ≈ 0.165
eV (which corresponds to the wavelength ≈ 7.5 µm).
However, we notice that, within our model, the results
remain valid for a broad range of parameters, which can
be adjusted for controlling the effect.
A. Scalar solitons
First, we excite the chain by a homogeneous electric
field with two polarizations: (i) En = (E
‖
n, 0) and (ii)
En = (0, E
⊥
n ). Assuming the driving radiation, e.g. nor-
mally incident pump plane wave, has the in-plane electric
field component either across or along the chain axis, we
solve the decoupled equations of the system Eqs. (7).
Since dissipative solitons are supposed to nest on a sta-
ble background, we begin with the analysis of a steady
homogeneous state and inspecting its modulational sta-
bility. For an infinite chain, following31,33, we find ana-
lytically the homogeneous stationary solutions of Eqs. (7)
which are characterized by bistability at Ω < −0.047 and
Ω < −0.018 for the transversal and longitudinal excita-
tions, respectively, as shown in Figs. 2(a,b). For finite
chains, conclusions drawn from the analytical considera-
tions have to be verified numerically since the edges may
produce additional boundary instabilities. However, typ-
ically discrete solitons exist inside or nearby a bistability
domain. Therefore, we will focus on these regions to
identify soliton families.
In practice, dissipative solitons can be formed, for in-
stance, when the chain is subject to additional narrow
beam pulses. Another way for formation of solitons is
the collision of switching waves (kinks)32, step-like dis-
tributions which connect quasi-homogeneous levels corre-
sponding to the top and low branches of a bistable curve.
In this way, discrete solitons are frequently interpreted as
two tightly bound kinks with the opposite polarities.
Figure 2. (Color online) Homogeneous stationary solution
(black line) and soliton families. Black dotted indicates mod-
ulationally unstable part of the dependence. Solid and dot-
ted color curves correspond to stable and unstable branches
of solitons with different number of peaks marked by digits:
(a) transversely polarized, Ω = −0.09; longitudinally polar-
ized solitons, (b) Ω = −0.09, (c) Ω = −0.045 (green line
corresponds to the bound state).
4Figure 3. (Color online) Soliton profiles in the case of ho-
mogeneous excitation: (a) one-peak transverse soliton at
Ω = −0.04 , |E⊥0 |
2 = 1.58 × 10−5, (b) three-peak transverse
soliton at Ω = −0.04, |E⊥0 |
2 = 1.4× 10−5, (c) one-hump lon-
gitudinal soliton coexisting with a bound state (d) containing
two peaks at Ω = −0.09, |E‖
0
|2 = 3 × 10−5, sitting on the
background of a homogeneous steady state solution.
Applying the standard Newton iteration scheme for
a finite chain of 101 disks, we find families of bright
solitons, characterized by a snaking bifurcation behav-
ior36,38–40, and simultaneously determine their stability,
as shown in Fig. 2. Remarkably, longitudinal solitons
also appear outside the bistability area, where a homo-
geneous steady state solution is a single-valued function
of the pump, provided that the character of the bifur-
cation is subcritical, particularly, in the certain range of
frequencies, −0.047 < Ω < −0.04, for the parameters of
Fig. 2. Examples of the soliton profiles are depicted in
Fig. 3.
Within the homogeneous excitation, solitons always
stand at rest regardless their width because the effec-
tive periodic potential created by the chain requires a
finite value of the applied external force to start soli-
ton’s motion37,39. In order to study soliton mobility,
we excite the chain by the tilted light incidence: En =
(E‖0 exp(−iQdn), 0) and En = (0, E⊥0 exp(−iQdn)),
where Q is the longitudinal wavenumber.
In contrast to cavity solitons in a model with the
nearest-neighbor purely real coupling and focusing non-
linearity39, the longitudinally polarized one-peak solitons
remain trapped at any value of Q. This is associated with
the imaginary part of the dipole-dipole interaction. How-
ever, wide enough transverse solitons are susceptible to
a propelling force. Example of multi-peaked moving soli-
tons is presented in Fig. 4. At Qd 6= 0, the soliton looses
its symmetry [see Figs. 4(b,d)] and, in the presence of an
Figure 4. (Color online) Soliton profiles at |E⊥0 |
2 = 1.28 ×
10−5, Ω = −0.04, (a) Qd = 0 symmetric resting, (b) Qd =
−0.05 asymmetric resting; (c,d) respective top views of the
intensity distribution, ln
(
|E|2/|E|2max
)
, in the plane of the
chain; (e) Spatiotemporal dynamics of a drifting soliton at
Qd = −0.2.
in-plane momentum exceeding some critical value, the
soliton starts moving along the chain towards the edge
where it gets trapped as shown in Fig. 4(e).
B. Vector solitons
Remarkably, coupled equations (7) also support two-
component vector solitons with a mixed polarization
when the excited field contains both nonzero components,
E⊥,‖0 6= 0, E0 = (E⊥0 , E‖0) = (E0 sin θ, E0 cos θ), see ex-
amples in Fig. 5. In the case of vector solitons, horned
longitudinal solitons corresponding to the dotted unsta-
ble branches in Fig. 2(b), become stabilized. Figure 5(g)
illustrates a variation of the amplitudes of both compo-
nents with the growing soliton width.
IV. CONCLUDING REMARKS
In our analysis presented above, we have operated with
dimensionless variables. To estimate the feasibility of the
5Figure 5. (Color online) Profiles of two-component vector
solitons at |E0|
2 = 4× 10−5, Ω = −0.09, θ = 0.25pi localized
on (a,d) one and (b,e) three nanodisks. The case (c,f) shows
an example of a broad vector soliton. (g) Dependence of the
amplitude in the central excited disk of the vector soliton on
the number of excited disks. Circles and squares correspond
to the transverse and longitudinal components, respectively.
predicted phenomena, we should recover physical values
and realistic parameters. In particular, Eqs. (5), (6) pro-
vide the estimate of χ
(3)
gr ∼ 10−7−10−6 esu for typical pa-
rameters, and the dimensionless intensity of the external
field, |E⊥,‖0 |2 ∼ 10−4, corresponds to the physical inten-
sity of ∼ 10 kW/cm2. Even accounting for the local field
enhancement inside the graphene nanodisks, the charac-
teristic time scales at which the solitons are formed are
estimated to be less than the pulse duration that may
cause a graphene damage at the given intensities41–43.
Thus, there are expectations for the experimental obser-
vation of the predicted nonlinear effect.
In summary, we have studied nonlinear dynamics in
nonlinear arrays of graphene nanodisks in the presence
of a pumped external field. We have derived nonlinear
equations describing the evolution of the nanodisks’ po-
larization, taking into account losses in graphene and a
dipole-dipole coupling between the nanodisks. We have
demonstrated the existence of families of discrete dissi-
pative solitons and also revealed that such solitons can
propagate stably along the chain provided they are ex-
cited by the tilted field. We have predicted a new class
of discrete vector solitons composed of two mutually cou-
pled polarization components. Our findings may pave a
way to the soliton-based routing in optoelectronic circuits
based on nanostructured graphene.
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